The triples of geometric permutations for families of disjoint translates  by Asinowski, A. et al.
Discrete Mathematics 241 (2001) 23–32
www.elsevier.com/locate/disc
The triples of geometric permutations for families
of disjoint translates
A. Asinowskia, A. Holmsenb; ∗, M. Katchalskia; 1
aFaculty of Mathematics, Technion-Israel Institute of Technology, Haifa 3200, Israel
bDepartement of Mathematics, University of Bergen, Johs. Brunsgt. 12, 5008 Bergen, Norway
Abstract
A line meeting a family of pairwise disjoint convex sets induces two permutations of the
sets. This pair of permutations is called a geometric permutation. We characterize the possible
triples of geometric permutations for a family of disjoint translates in the plane. Together with
earlier studies of geometric permutations this provides a complete characterization of realizable
geometric permutations for disjoint translates. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
A geometric permutation (GP) for a family F of disjoint convex sets is a pair of
permutations of F induced by the two orderings in which a straight line intersects the
members of F . Such a line is called a common transversal for F . (Throughout this
paper, we will only be considering families of disjoint sets.)
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For the discs in the Agure the GPs are (ABC), (ACB), (BAC).
Geometric permutations have been studied by various authors, see e.g.
[5,7,10–13,15,17,19].
One of the original motivations for studying geometric permutations was to obtain
results on common transversals for disjoint translates of a Axed convex set in the
plane. This turned out to be highly successful, Arst in the work by Katchalski [14] on
GrEunbaum’s transversal conjecture [8], and Anally in Tverberg’s famous proof of the
conjecture [16]. See also [3,4,6,18] for surveys on related results.
In [11] it has been shown that a planar family of disjoint translates can have at most
3 GPs. This was also proved in [17] where it was claimed, in addition, that the only
possibilities for triples of GPs for disjoint translates are
{(WABCW ′); (WBCAW ′); (WCABW ′)}
and
{(WABCW ′); (WACBW ′); (WBACW ′)}
and that both triples can be realized (here, and throughout, W and W ′ are Anite,
possibly empty, words). However, if W or W ′ are non-empty it turns out that the
Arst triple cannot exist, and there is another realizable triple of GPs. (In the following
theorem, and throughout, A, B, C and X represent distinct sets.)
Theorem 1. There are exactly two types of triples of geometric permutations that
are realizable by disjoint translates in the plane. They are
{(WABCW ′); (WACBW ′); (WBACW ′)}
and
{(WABXCW ′); (WBAXCW ′); (WACBXW ′)}:
This paper is based on results from the master’s theses of Asinowski 2 [2] and
Holmsen 3 [9], obtained independently at about the same time.
2. Proof of the theorem
In [11] it has been shown that for disjoint translates, any two GPs diGer in at most
4 consecutive places and that the pairs {(ABCD); (BADC)} and {(ABCD); (ADCB)}
are incompatible GPs for disjoint translates. Using similar methods Tverberg [17] gave
the following partial characterization:
2 Asinowski’s Master was written under the supervision of Meir Katchalski and Roy Meshulam.
3 Holmsen’s Master was written under the supervision of Helge Tverberg.
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If a family of disjoint translates in the plane admits three geometric permutations
then the permutations must be of the following form {(WK1W ′); (WK2W ′); (WK3W ′)};
where the triple {K1; K2; K3} is one of the following:
{XABC; XBCA; XCAB}
{XABC; XACB; XBAC}
{ABXC; BXAC; AXCB}
{ABXC; BAXC; ACBX }
To prove Theorem 1 we use the following technical lemmas:
Lemma 1. Let A; B; C and X be disjoint convex sets in the plane. The triple
{(XABC); (XBCA); (XCAB)} is an incompatible triple of geometric permutations.
Lemma 2. Let A; B; C and X be disjoint translates of a convex set in the
plane. The triple {(ABXC); (BCXA); (CAXB)} is an incompatible triple of geometric
permutations.
Proof of Lemma 1. A line l is mapped to a pair of antipodal points on the unit circle
by translating l to the origin and taking the intersection of the translated line and the
unit circle. We associate the two opposite open semicircles determined by these points
with l. A directed line d is mapped to a single point on the unit circle by taking the
intersection of the unit circle and the ray from the origin that has the same direction
as d.
Consider two disjoint convex sets Y and Z and let C1 and C2 be the two open
semicircles determined by some separating line for Y and Z . Let l1 and l2 be directed
transversals for Y and Z , and assume li is mapped to a point lying in Ci for i = 1; 2.
Then clearly l1 and l2 meet Y and Z in opposite orders.
Assume l1, l2, l3 are directed lines inducing the orders (XABC), (XBCA), (XCAB),
respectively. Let li be mapped to the point pi on the unit circle for i = 1; 2; 3. Con-
sider the two open semicircles corresponding to some line that separates X and A.
Now p1, p2 and p3 must lie in the same open semicircle since l1, l2 and l3 all
meet X before A. This implies that one of the three points is between the two oth-
ers. Due to the symmetry between the three permutations we can assume without
loss of generality that p2 is between p1 and p3. This implies that the origin is in
conv{p1;−p2; p3}.
Consider the two open semicircles corresponding to some line that separates A
and B. We And, by the same reasoning as above, that p1, −p2 and p3 must lie
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in the same open semicircle since l1 and l3 meet A before B and l2 meets B
before A. Thus the origin is not contained in conv({p1;−p2; p3}), a
contradiction.
Note that we have proved lemma 1 not only for families of translates but for general
families of convex sets. Lemma 2, however, cannot be proved for general families. This
can be seen by the following example.
The Agure above shows a family of congruent sets that admits the GPs
{(ABXC); (BXAC); (AXCB)}. By using the directions of the segments it is easy to
construct a family of sets that are positive homothets of a quadrilateral that also
admits these GPs. Thus we prove lemma 2 only for families of tran-
slates.
When working with families of translates we have the following useful reduction:
Let F = {K + vi; i∈ I} be a family of translates of K . If we set K ′ = 1=2K − 1=2K ,
then K ′ is centrally symmetric and the family F ′ = {K ′ + vi; i∈ I} has a transversal
if and only if F has one.
Now assume F has a transversal l inducing the GP . Then there exists a chord S
of K such that l induces  on the family {S+vi; i∈ I}. The chord S is also contained
in K ′ (although possibly translated). Thus F ′ also admits , and it suNces to prove
lemma 2 for translates of a centrally symmetric set. (This reduction was noted by
Tverberg in [16] and [17].)
Proof of Lemma 2. Let l, m and n be three lines that induce the GPs given in the
lemma. Not only may we assume that the translates are centrally symmetric, but
also that they are centrally symmetric hexagons. To see this, let l1 and l2 be the
upper and lower support lines of A that are parallel to l. By the central symme-
try, there is a central chord of A that meets l1 and l2. This chord also meets l,
and in each of the other translates the parallel central chord will also meet l. The
GP that l induces on the chords is then the same as the one l induces on the
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translates. Doing the same for the lines m and n, we have for each translate three
central chords, where l, m and n induce the same GP on each set of parallel
chords as on the given translates. Thus, we may cut down each translate
to the centrally symmetric hexagon spanned by the three central chords. Therefore,
we may assume A, B, C and X to be translates of a centrally symmetric
hexagon.
Now, label the edges of the hexagon, counterclockwise, from 1 to 6, and
denote edge j of translate Y , by Yj. Let Yi and Zj be edges of Y and Z , respectively. If
the line that contains the edge Yi and the line that contains Zj are parallel,
distinct and both separating Y and Z , we say that Yi and Zj are opposing
edges. We denote this by (Yi; Zj). Note that if we have (Yi; Zj), then
|i − j|= 3.
Before continuing, we shall make an observation concerning general convex sets
in the plane. Let l1 and l2 be parallel lines and let Y , Z and Q be three disjoint
convex sets. Assume that each of l1 and l2 separates (properly) a distinct pair of the
three sets. Then Y , Z , Q can have at most two distinct GPs. To see this, assume (for
the sake of the argument) that l1 and l2 are horizontal, and that l1 lies above l2.
Since l1 separates a pair of the sets, one of the sets, say Y , must lie in the upper
open half-plane deAned by l1. Similarly, one of the sets, say Z , must lie in the lower
open half-plane deAned by l2. Now l1 and l2 both separate the pair Y; Z , so one
of the two lines must separate another pair of the three sets. For this to occur, Q
must lie in the lower open half-plane deAned by l1 or in the upper open half-plane
deAned by l2. In both cases, we end up with a line separating one of the sets from
the two other sets, excluding the existence of one of the three possible GPs for Y , Z
and Q.
If we consider the three hexagons A, B and C, each pair of hexagons must have
at least one pair of opposing edges by disjointness, and for each pair of
opposing edges there must exist some line parallel to the edges that separates the two
sets. First, we note that an edge cannot belong to diGerent pairs of opposing
edges because then there would exist two parallel lines that separate distinct
pairs of the three translates. Then A, B and C cannot have three distinct GPs.
Now assume some pair of hexagons has more than one pair of opposing
edges. Since the hexagons are centrally symmetric the edges are determined by only
three directions. Again there must exist two parallel lines that each separate a dis-
tinct pair of the three translates, and as before A, B and C cannot have three
distinct GPs.
The conclusion is therefore that each pair of the three translates has exactly
one pair of opposing edges, and no edge is contained in diGerent pairs of
opposing edges. It also follows that the centers of the translates are not
collinear. Assume therefore that the centers have cyclic order ABC, moving
counterclockwise. Thus, we have the following: for some i (Ai; Bi−3), (Bi−4; Ci−1),
(Ci−2; Ai+1), where the indexes are taken mod 6. As remarked earlier, these are the
only opposing edges among A, B, and C. For the rest of the argument assume without
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loss of generality that i = 2 (see Agure below).
Consider how X is positioned relative to B. We must have (X1; B4) and no other
opposing edges between X and B. To see this, consider all the other possibilities. If
(X2; B5) there must be a line parallel to B5 that separates B from A and X , making it
impossible to have (ABX ). If (X3; B6) there must be a line parallel to B6 that separates
X from B and C, and it follows that we cannot have (BXC). If (X4; B1) a line parallel
to B1 will separate X from B and C, and again we cannot have (BXC). If (X5; B2) a
line parallel to B2 will separate X from A and B, making it impossible to have (AXB).
Finally, consider (X6; B3). Since we cannot have (C6; B3) there is a line parallel to
B3 that separates X from A and B, and again we cannot have (AXB). Thus, the only
opposing pair of edges between B and X is (X1; B4). Similarly, we And that the only
opposing pair of edges between A and X is (A2; X5) and between C and X is (C6; X3).
Let l1 be the line through the center of A that is parallel to A1. Then l1 must intersect
the interior of the edge A2. To see this we assume the opposite. Then l1 must intersect
the edge A3 and a contradiction is obtained as follows: without loss of generality, we
assume that l1 is horizontal and that A1 lies in the lower half-plane deAned by l1. If l1
intersects A3 then the center of X must lie in the lower closed half-plane deAned by l1.
If this were not the case it would be impossible to have (A2; X5) without also having
(A3; X6). Thus the center of X lies in the lower closed half-plane deAned by l1. But then
the line that contains the edge A1 must intersect X . Since, we also have (X1; B4), it fol-
lows that the line parallel to X1 that separates X and B also separates A and B implying
(A1; B4), a contradiction. Thus, the line, l1 must intersect the interior of the edge A2.
Bearing in mind the cyclic symmetry of the sets A, B, and C in the triple of GPs
we And in general that the line li through the center of one of the hexagons which
is parallel to the edge i of the hexagon must intersect the interior of the edge i + 1
(numbers are taken mod 3). This, however, is impossible for a centrally symmetric
hexagon. The contradiction completes the proof.
Proof of Theorem 1. Lemmas 1 and 2 exclude the Arst and the third triple of GPs
from Tverberg’s partial characterization. Thus, it remains to show that the two other
triples of GPs can be realized.
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An example of a family of disjoint translates that admits the GPs (WABCW ′),
(WBCAW ′), (WBACW ′) is given by Katchalski et al. [11]. The Agure below illus-
trates a family admitting the GPs of the fourth triple:
Let l be the line that contains the edge A2. Let X lie so that the edge X5 lies
slightly above l, and C so that the edge C2 lies slightly below l. B lies so that the
only opposing edges between A and B are (A2; B5), and so that the only opposing edges
between X and B are (B3; X6). Now rotate the line l counterclockwise about the vertex
determined by A2 and A3, so that l still meets C and X . We rotate the line until it is
about to leave X , and call the limit-line l1. Similarly, we can rotate l clockwise about
the vertex determined by A1 and A2, so that l still meets C and X . We stop when the
line is about to leave C and call the limit-line l2. Now move B upward, so that the
distance between A2 and B5 becomes small enough so that B meets l1 and l2. Then l1
will induce (BAXC) and l2 will induce (ABXC). Finally, let l3 be the descending line
that goes through the vertex of C determined by the edges C6 and C1, and through
the vertex of B determined by the edges B3 and B4. By making the translates tall
enough l3 will induce (ACBX ), and increasing the height of the translates even more
we can add translates to the left of A and to the right of X so that W and W ′ are
non-empty.
We summarize by giving a complete characterization of the realizable geometric
permutations for families of disjoint translates of a convex set in the plane. The proofs
that are not given in this paper can be found in [11] and [17].
Theorem 2. The realizable geometric permutations for a family of disjoint translates
in the plane are of the following form:
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(1) {(W )};
(2) {(WABW ′); (WBAW ′)};
(3) {(WABCW ′); (WBCAW ′)};
(4) {(WABCXW ′); (WBXACW ′)};
(5) {(WABCW ′); (WACBW ′); (WBACW ′)};
(6) {(WABXCW ′); (WBAXCW ′); (WACBXW ′)}.
3. Related results
(1) During our research, we found a mistake in Lemma 2 in the paper [11]. The
lemma, as it appears in the paper, is the following:
‘Let {A1; A2; A3; A4} be a T -family with two intersecting common transversals. If
A1 crosses the 7rst quadrant; A2 crosses the second quadrant with A2 ∩ Y between O
and A1 ∩ Y; and A4 crosses the fourth quadrant with A4 ∩ X between O and A1 ∩ X;
then it is impossible that A3 ∩ Y is between A2 ∩ Y and A4 ∩ Y ’.
This statement is incorrect, as one can see in the following example:
In order to correct this, one has to add the following to the statement of the lemma:
‘: : : and A3 ∩ X is between A2 ∩ X and A4 ∩ X ’.
The proof is straightforward; and the error does not aGect the proof of the main
result of the paper.
(2) Smorodinsky et al. [15], and also Asinowski and Katchalski [2], proved that
there exists an n0 such that for any family of n¿n0 disjoint unit discs in the plane
there are at most 2 GPs and they are of type 2) stated in Theorem 2.
In a sequel [1], jointly with Helge Tverberg, we prove that the number of GPs for
any family of more than 3 disjoint unit discs is at most 2 and that they are of the
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type stated above. We also give a characterization of convex sets K with the property
that any family of n¿n0(K) disjoint translates of K can have at most 2 GPs, thus
extending and reAning the result from [15].
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